Introduction {#Sec1}
============

Muscular dystrophy (MD) is a group of genetic disorders whose archetypal pathology is progressive weakening of skeletal muscle tissue. Severity of degeneration and muscles affected vary depending on the type of MD (and person) with some forms leading to early death while other forms remain unnoticed until adulthood. All forms of MD combined affect about 37 per 100, 000 individuals in Northern England (Norwood [@CR22]). Duchenne's muscular dystrophy (DMD)is the most prevalent of all childhood genetic disorders affecting males (Norwood [@CR22]).

Muscle degeneration in MD can be caused by replacement of healthy muscle fiber by fibrous connective (Dreyfus et al. [@CR7]) and adipose tissue (Pichiecchio et al. [@CR25]); tissue replacement could be caused by chronic inflammation and immune activation. Chronic inflammation is induced by increased immune activity, with a higher likelihood of cellular damage as a consequence of weaknesses in cell structure proteins---caused by MD affected genes (Wehling et al. [@CR33]; Selva-O'Callaghan et al. [@CR27]).

Macrophages, a type of innate immune cell, perform a significant role in tissue repair (Arnold et al. [@CR1]). Macrophages phagocytose damaged muscle fibers (Arnold et al. [@CR1]) and promote the proliferation, differentiation, and binding of myoblasts into nascent myofibers which form new muscle tissue (Ogawa et al. [@CR24]). Macrophages accomplish these tasks by switching phenotype (macrophage plasticity) throughout the repair process. While in an inflammatory phenotype, macrophages migrate to damaged tissue, perform phagocytosis, and promote myoblast proliferation. Macrophages follow this stage with anti-inflammatory phenotypes which phagocytose, halt inflammation, differentiate myoblasts, lay fibrous connective tissue which gives structure to muscle, and signal myotube migration/binding.

Although many mathematical models have been created to study the immune defense, few have been devised to quantify tissue regeneration by the immune system and chronic inflammation (Houston et al. [@CR15]). Dell'Acqua and Castiglione ([@CR5]) and Jarrah et al. ([@CR16]) both attempt to explain muscle degeneration and regeneration by the interactions of macrophages, T helper cells, and cytotoxic T cells.

Both previous models fail to elaborate on macrophage plasticity and the relation between acute and chronic inflammation. The previous models treated all macrophages as a single group that acts on all other cells the same. However, Arnold et al. ([@CR1]) showed that macrophages have several phenotypes that interact with other cells differently. The previous models also investigated the long-term effects a single acute, damage event. The weakening of skeletal muscle tissue in MD, though, occurs after continuous damage from everyday activity which causes a chronic inflammation (Weller et al. [@CR34]).

The purpose of this article is to present a mathematical model that simulates macrophage plasticity and its effects on muscle regeneration. A correct characterization of this dynamics could allow a greater understanding of the causes of chronic inflammation, and muscle degeneration in MD patients.

The FRiND Model {#Sec2}
===============

Concept of the FRiND Model {#Sec3}
--------------------------

To understand the interactions needed for muscle repair, we could create a model that incorporates three groups of cells: macrophages (in number of cells per $\documentclass[12pt]{minimal}
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Phenotypeless **or "switch"** macrophages ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_3$$\end{document}$) are used in this model to represent any macrophage which has a phenotype not sufficiently polarized or is suppressed by another macrophage. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_3$$\end{document}$ macrophages will act only as a feedback loop for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{2a}$$\end{document}$ (Malyshev and Malyshev [@CR20]; Kalish et al. [@CR18]).

Following damage to normal muscle tissue (*N*), damage tissue (*D*) increases. Macrophages phagocytose this tissue and leave the area ready for regeneration (*R*). Transforming Growth Factor Beta, TGF-$\documentclass[12pt]{minimal}
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                \begin{document}$$M_2$$\end{document}$ macrophages promotes the formation of fibrous tissue (*F*) (Arnold et al. [@CR1]; Mounier et al. [@CR21]). This tissue is the foundation upon which myotubes bind to form new healthy muscle tissue (*N*) (Ogawa et al. [@CR24]). In the model, the *F*,  *R*,  *N*,  and *D* are given as percents of overall tissue as this is assumed to be conserved.Fig. 2*Muscle tissue repair* This figure shows the process of muscle repair. Phagocytosis of damaged tissue (*D*) by macrophages gives regenerating tissue (*R*). Fibrous connective tissue (*F*) is laid by some types of macrophages over regenerating tissue. Fibrous tissue binds with differentiated myoblasts to form normal muscle tissue (*N*)

A subpopulation of satellite cells called myocytes form the core of new muscles. Pro-inflammatory signals from $\documentclass[12pt]{minimal}
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Damage to muscle tissue is controlled by a time-dependent function *f*(*t*) which can be designed to simulate different types of muscle injury. For acute injury, *f*(*t*) could be set as a Gaussian normal or a **Gaussian** function as described by Jarrah et al. ([@CR16]). For smaller but periodic injury, *f*(*t*) could be set with a random amplitude and period $\documentclass[12pt]{minimal}
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We will call this model the FRiND (*F*ibrous, *R*egenerating, inflammation, *N*ormal, *D*amaged) model.

Equations {#Sec4}
---------

The FRiND model uses the law of generalized mass action (GMA) to convert the diagrams in Sect. [2.1](#Sec3){ref-type="sec"} into ordinary differential equations (ODEs). GMA states that the rate of reaction/interaction is directly and/or indirectly proportional to the product of the numbers (or masses) of objections. For each interaction, a kinetic parameter is incorporated and is estimated using data. In the FRiND model, activation and deactivation will be modeled using direct proportions; inhibition of an interaction will be modeled using an indirect proportion. An extra term $\documentclass[12pt]{minimal}
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Estimating the Model Parameters {#Sec5}
-------------------------------

The FRiND Model has 20 parameters plus any parameters needed for the initial damage function.

Data for estimating the parameters come from Mounier et al. ([@CR21]) and Ogawa et al. ([@CR24]) (see Table [1](#Tab1){ref-type="table"}). The choice of these literature sources was influenced by the similarity of the data collected with respect to the model proposed here; other sources include the adaptive immune system. Both experiments used cardiotoxin (CTX) as a source of damage to mouse muscle and similar control mice. The damage by CTX is modeled using a **Gaussian function**:$$\documentclass[12pt]{minimal}
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A standard genetic algorithm (Bäck et al. [@CR2]) and pattern search (Hooke and Jeeves [@CR13]) were used to train parameters to the data on both COPASI (Hoops et al. [@CR14]) and MATLAB (The MathWorks, Inc., Natick, MA, USA).Table 2*Estimated parameters for the FRiND model* This table shows the estimated parameters for the FRiND model using an acute *Gaussian* damage with data from [1](#Tab1){ref-type="table"}Parameter  nameEstimated valueUnitsParameter nameEstimated valueUnits$\documentclass[12pt]{minimal}
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Fixed Points {#Sec6}
------------

A steady state is a **multi-dimensional point** where the system will remain constant over time. This occurs when the **point**$\documentclass[12pt]{minimal}
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In the FRiND model, several simplifying assumptions can be made. (1) Since the change in substrate amount is given in the model, parameters may be assumed to be always positive and nonzero. Furthermore, (2) steady state and initial conditions of the substrate must be nonnegative to make biological sense. (3) We will, though, insist that $\documentclass[12pt]{minimal}
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Although the initial conditions for substrates depend on the situation being modeled, the muscle cells have a built-in conservation law $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}

Assume the FRiND model follows the above assumptions and the parameters given in Table [2](#Tab2){ref-type="table"}, then the model will have these two steady states.$$\documentclass[12pt]{minimal}
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Therefore, all components of the second fixed point exist and are nonnegative. The FRiND model will have a second steady state. $\documentclass[12pt]{minimal}
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The FRiND model with initial conditions (Table [1](#Tab1){ref-type="table"}) and parameters (Table [2](#Tab2){ref-type="table"}) will fail the above criteria. Therefore, the only fixed point we need to worry about is:$$\documentclass[12pt]{minimal}
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Stability Analysis {#Sec7}
------------------

A steady state can be called stable, unstable, or saddle depending on the system's reaction to small perturbations to the fixed point **(other types of reactions can occur but will not be needed in this discussion)**. The system will return to a steady state after perturbations when a fixed point is stable, whereas the system will repel if the fixed point is unstable. With a saddle fixed point, the system will repel from the point unless on specific vectors (Strogatz [@CR29]).

The sufficient conditions for stability are given by eigenvalues of the Jacobian evaluated at the fixed points. A stable steady state will have only **real, nonpositive** eigenvalues. An unstable state will have only **real, nonnegative** eigenvalues, and a saddle steady state will have a mix of positive and negative, **real** eigenvalues (Strogatz [@CR29]).
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The **above** stability analysis shows that the FRiND model will **converge to**$\documentclass[12pt]{minimal}
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Identifiability and Sensitivity Analysis {#Sec8}
----------------------------------------

The question could arise at this point whether the FRiND model's parameters can be estimated by any appropriate dataset. In mathematics, this concept is called identifiability. Models which are unidentifiable can be reduced by eliminating parameters; this helps to estimate parameters faster and creates a uniqueness to parameter estimation. This concept is related to sensitivity analysis. A system which is highly sensitive will be at least locally identifiable (Eisenberg and Hayashi [@CR8]; Fisher [@CR9]).

To calculate the sensitivity matrix numerically, we estimated $\documentclass[12pt]{minimal}
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                \begin{document}$$\dfrac{{\partial }x_k}{{\partial }p_j}(t_i)$$\end{document}$ for each *i*, *j*, *k* with the central-difference formula. We also **tried** more accurate estimations of **the partial** derivatives before writing this article but found the results to be similar. We calculated the sensitivity matrix and Fisher Information Matrix (FIM) as described in Eisenberg and Hayashi ([@CR8]).
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                \begin{document}$$1.0422 \cdot 10^{226}.$$\end{document}$ As the determinant is large, the parameters of the FRiND model are sensitive and at least locally identifiable (Eisenberg and Hayashi [@CR8]; Fisher [@CR9]).

Results {#Sec9}
=======

One of the goals of the FRiND model is to use a damage function, *f*(*t*), to study the effects of damage to muscle tissue from chronic immune activation; specifically, the FRiND model allows exploration into how the acute immune response becomes a chronic immune response which causes muscle to be replaced by fibrous tissue.

To accomplish this goal, **we must show that that model is accurate on the given data used to estimate the model parameters** (Sect. [2.3](#Sec5){ref-type="sec"}) which were obtained from an acute damage event. After the accuracy of the model for given data has been shown, we will use the FRiND model to predict other experiments and results for which the model has not been trained including simulations of chronic muscle damage and effects of diphtheria toxin on muscle repair. All time-course graphs were created using Adams--Bashforth--Moulton Predictor--Corrector method (Cheney and Kincaid [@CR4]) on MATLAB and verified using COPASI (which uses LSODA) (Hoops et al. [@CR14]).

The FRiND Model is Consistent with the Data in Table [1](#Tab1){ref-type="table"} {#Sec10}
---------------------------------------------------------------------------------

As mentioned above, parameters were estimated using data from the literature (Mounier et al. [@CR21]; Ogawa et al. [@CR24]) (Table [1](#Tab1){ref-type="table"}). The parameter values are reported in Table [2](#Tab2){ref-type="table"}. As discussed in Sect. [2.3](#Sec5){ref-type="sec"}, we chose the **Gaussian** function (Eq. ([11](#Equ11){ref-type=""})) to simulate damage from Cardiotoxin (CTX) (Dell'Acqua and Castiglione [@CR5]; Jarrah et al. [@CR16]).Fig. 4*Time course of FRiND model* These figures show the time course of the **a** muscle tissue equations, **b** macrophage equations, and **c** myocytes equations. Actual data in Table [1](#Tab1){ref-type="table"} are given as *x*'s on the graphs (Color figure online)

Muscle tissue predictions followed closely to that given by Mounier et al. ([@CR21]). From Fig. [4](#Fig4){ref-type="fig"}a, normal tissue experiences a steep drop as muscle is exposed to CTX; normal tissue is completely compromised within 24 h. Damage peaks within the first 24 h followed by complete phagocytosis over the next 3 days. The model gives regenerating tissue at about $\documentclass[12pt]{minimal}
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                \begin{document}$$40\%$$\end{document}$ at day 2 which is slightly less than phagocyted myofibers given in the literature (Mounier et al. [@CR21]). However, the model's values for regenerating tissue at days 4 and 7 are closer. Fibrous tissue occurs earlier and peaks slightly lower than that reported by the literature (Mounier et al. [@CR21]). Recovery of new normal tissue does occur within the reported period (Fig. [5](#Fig5){ref-type="fig"}). The model also closely follows the trends in tissue data reported by Arnold et al. ([@CR1]) which used a notexin (Fig. [6](#Fig6){ref-type="fig"}).

Macrophage predictions followed the general characteristic of the data given in Mounier et al. ([@CR21]). From Fig. [4](#Fig4){ref-type="fig"}b $\documentclass[12pt]{minimal}
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                \begin{document}$$M_2$$\end{document}$ macrophages are noted to peak between days 2 and 4 as expected (Mounier et al. [@CR21]; Arnold et al. [@CR1]); the numbers do, however, understate day 2 and overshoot day 4 numbers. $\documentclass[12pt]{minimal}
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Myocyte predictions closely follow the expected cell numbers before day 7 (Fig. [4](#Fig4){ref-type="fig"}c). After day 7, myoblast numbers fall short of expected numbers and differentiated myoblast numbers overshoot reported cell numbers (Ogawa et al. [@CR24]).Fig. 5*Phase portrait of*$\documentclass[12pt]{minimal}
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The FRiND Model is Consistent with Inflammatory Macrophage Inhibition by Diphtheria Toxin {#Sec11}
-----------------------------------------------------------------------------------------

Arnold et al. ([@CR1]) performed several experiments studying the actions of macrophages on muscle regeneration. The group noticed when $\documentclass[12pt]{minimal}
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To simulate this, the FRiND model can be modified by subtracting $\documentclass[12pt]{minimal}
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                \begin{document}$$M_1$$\end{document}$ macrophage numbers rebounds with full recovery by 14 days. The steady state of the system also shows that no significant fibrosis remains by 14 days. This matches the results given by Arnold et al. ([@CR1]).Fig. 6*Diphtheria-treated mice.* These figures show the time course for the FRiND model with $\documentclass[12pt]{minimal}
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                \begin{document}$$M_1$$\end{document}$ macrophages depleted by DT. The results are consistent with Arnold et al. ([@CR1]). **a** shows the results for muscle tissue. **b** shows the results for macrophages. **c** shows the time course of myocytes (Color figure online)

The FRiND Model is Consistent with Chronic Immune Activation and Literature Results in *mdx* Mice {#Sec12}
-------------------------------------------------------------------------------------------------

The archetypal pathology of MD is the replacement of healthy muscle tissue with fibrous tissue caused by severe acute damage to muscle from normal daily activity (Desguerre et al. [@CR6]). Most studies of MD and muscle repair revolve around performing a single acute muscle damage. However, MD patients/mice rarely suffer from just a single damage event; instead normal daily activities cause both mild and severe acute events throughout the body. We would like to use the FRiND model to predict this condition by only changing the input damage function. This **could** show that repeat**ed** severe acute damage events cause the chronic immune response and replacement of muscle tissue**, which precipitates the muscle weakness in MD.**

A choice for this daily damage could be $\documentclass[12pt]{minimal}
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                \begin{document}$$c=0$$\end{document}$ which would give daily periodic damage peaking at midday or midnight. **To simulate normal daily muscle usage, this model will allow***a***to be a random number between** 0 **and** 1 **which will be selected each day.For** Theorem [1](#FPar1){ref-type="sec"}**to apply in the FRiND model, damage added by***f***must either converge to zero naturally or by setting the function to zero at some time point.**

The following results are again given using Adams--Bashforth--Moulton Predictor--Corrector method on MATLAB and $\documentclass[12pt]{minimal}
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Further studies of MD can be gleamed from the FRiND model without changing *f*.

Discussion {#Sec13}
==========

All forms of MD are rare (Norwood [@CR22]), and the future of MD research might rely on mathematical modeling when insufficient test subjects are available. However, few mathematical models have been created to quantify the experiments about MD (Houston et al. [@CR15]).

Although most forms of MD are genetic disorders, chronic inflammation caused by repeated severe acute immune responses has been implicated in several forms of MD (Wehling et al. [@CR33]; Selva-O'Callaghan et al. [@CR27]; Spencer et al. [@CR28]; Desguerre et al. [@CR6]; Tidball and Villalta [@CR31]). The two previous models (Dell'Acqua and Castiglione [@CR5]; Jarrah et al. [@CR16]) attempted to simulate research of inflammation during the lifetime of *mdx* mice (Wehling et al. [@CR33]; Spencer et al. [@CR28]). Both models used the law of mass action with three immune cells: CD8+ and CD4+ T cells and pro-inflammatory macrophages. They used a single acute damage event to start a perturbation that estimated chronic inflammation. The models were also bistable; either the normal tissue completely returned or a little damage remained permanently.

However, the previous models miss several key aspects of tissue repair. Treating macrophages as a homogeneous group reduces the predictive power of those models. Macrophages display several phenotypes that perform different tasks during muscle repair; some of which play an important role in laying fibrous connective tissue and migrating nascent myotubes to form new muscle; previous models handled this by using linear mass action dynamics for tissue repair after damaged tissue was eaten by pro-inflammatory macrophages. We introduced the FRiND model to rectify these issues.

The FRiND model offers many avenues for future usage by integrating macrophage plasticity and nonlinear mass action dynamics. The ability to adapt to experiments with different criteria for subject injury and to study different pharmaceutical outcomes by changing parameters in the system could be useful in exploring biological outcomes in muscle regeneration.

We have shown that changing *f*(*t*) in the FRiND model can be used to explore outcomes that depend on the injury caused to muscle tissue. In addition, this injury can be different than the injury used to give the estimating parameters. The parameters used throughout the results section were estimated using control mice after CTX damage. The results studied, however, were free to change the *f*(*t*) to explore other forms of muscle damage like normal degradation due to muscular dystrophy. This could hint that the weakening of skeletal muscle in several types of MD is the result of the immune system's overreaction due to compromised muscle cell structure.

The FRiND model also predicts experimental and pharmaceutical outcomes by changing or adding parameters into the model. As shown in Sect. [3.2](#Sec11){ref-type="sec"}, an added parameter in the model exhibits the same general trends reported by Arnold et al. ([@CR1]). This could allow future outcomes to be tested and studied before performing an experiment.

The FRiND model does include some simplifications. The model does not include several immune and non-immune cells which have been shown to be significant in tissue repair including neutrophils (Arnold et al. [@CR1]), T cells (Tidball and Villalta [@CR31]; Burzyn et al. [@CR3]), fibro/adipogenic progenitors (Joe et al. [@CR17]), and tissue cells under inflammation. With more data, many of these cells could be incorporated into the FRiND model. Inclusion of these cells and many others could allow further elucidation into the repair process.

The FRiND model also simplifies spatial dynamics by following the law of generalized mass action which assumes interactions are isotropic. Future research could expand this system into an anisotropic model using partial differential equations (PDEs). This could also allow a three-dimensional study of muscle regeneration. Another direction could include stochastic differential equations to differentiate early repair when cells are first infiltrating from later **stages when cells are nearly isotropic.**
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